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DYNAMICAL STUDIES OF TRANSLATIONAL AND 
ROTATIONAL HINDRANCE OF A NEEDLE FLUID 

IN RANDOM POROUS MEDIA 

K. RAGHAVAN and J.M.D. MAcELROY 

Department of Chemical Engineering, 143 Schrenk Hall, 
University of Missouri- Rolla, Rolla, Missouri 65401, USA 

(Receiivd December 1990, accepted March 1991) 

A major computational difficulty in hard-body molecular dynamics (MD) simulations is the possibility of 
root bypassing in the collision algorithm. In this paper we report M D  simulation results for a system which 
is significantly affected by this problem, namely hard needle particles confined within the void space of 
random two-phase models of porous media. In the case of very long needles, high radial velocities preclude 
the use of moderately large time steps in the trajectory calculations. Conventional Newton-Raphson 
methods are known to be deficient in detecting all roots in the collision analysis and here we introduce a 
novel technique based on homotopy continuation as  our root-finding algorithm. This method is a highly 
robust technique for the detection of all possible roots in the collision sequence for this type of system. 

The needle particle/model porous medium, in which the latter is represented as an assembly of solid 
spheres randomly distributed in space, is an idealization of a confined rigid polymer fluid. One of the 
objectives in these studies has been to examine the effects of the porosity of the medium and the length of 
the needles on the transport properties of this system. In particular, the transition from free to hindered 
rotation as the needle length is increased and its influence on the translational dynamics of the particles are 
investigated. The results obtained suggest that rigid linear molecular structures may experience significantly 
enhanced diffusion rates in micropores as  a consequence of alignment parallel to the solid surface within 
the porous medium. 

KEY WORDS: Diffusion, percolation, needle fluid, hindered rotation, micropores. 

1 INTRODUCTION 

Hard-body dynamical simulations were pioneered by Alder and Wainwright [ 11 for 
homogeneous hard sphere and square-well fluids nearly four decades ago. Since then 
interest in simulating other classes of hard core particles such as ellipsoids [ 2 ] ,  
spherocylinders [3], needles [4-71 and composite sphere models [8], has rapidly grown. 
These studies have been primarily motivated by the desire to develop accurate results 
for hard-body reference fluids in perturbation theories of equilibrium statistical 
mechanics and also to provide insight into the influence of particle asphericity on the 
transport properties of molecular systems. 

In recent years technological developments in solid/fluid separation processes and 
heterogeneous catalysis have also stimulated interest in confined systems and par- 
ticularly in micropore fluids. These solid/fluid systems are influenced both by the fluid 
particle size and shape as well as the topology of the microporous medium. Studies 
in this area have usually been directed along either one of two possible avenues of 
inquiry, (i) an investigation of the behaviour of simple fluids of structureless particles 
confined within two phase random models of microporous media or (ii) deternination 

93 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
9
:
4
4
 
1
4
 
J
a
n
u
a
r
y
 
2
0
1
1



94 K RAGHAVAN AND J.M.D. MacELROY 

of the properties of different particulate fluids in pores of idealized geometry. The 
configurational and dynamical properties of hard sphere fluids confined within com- 
plex pore structures generated by randomly distributed inclusions such as spheres [9] 
or fibers [ 101 and randomly distributed holes [ 1 I ]  have been investigated. Of particular 
interest in these studies was the continuum percolation behaviour of fluids in random 
media and it was primarily for this reason that simple structureless fluid particles were 
employed in the simulations. In a number of recent articles, however, [12, 131 the 
influence of particle structure as well as size has also been addressed, although in these 
studies the pore models employed were of comparatively simple shape. Furthermore, 
the simulations reported in [ 12, 131 were primarily concerned with equilibrium rather 
than nonequilibrium pore fluid properties and, to our knowledge, the only simulation 
results available at present on the dynamical properties of inhomogeneous aspherical 
fluids are those reported by Magda et al. 1141 for a needle fluid confined within 
slit-shaped pores and by Bitsanis et a/.  [I51 for models of polymer melts confined 
between two hard walls. 

In this paper we extend our earlier work on dilute hard sphere fluids [9] to an 
investigation of the dynamics of a needle fluid in a random two phase model of a 
microporous medium. This fluid model is of sufficient simplicity to permit a detailed 
analysis of its properties and it  is employed here primarily to investigate the coupling 
of translational and rotational modes of motion in micropores as well as the influence 
of the porous structure on the particle dynamics. Simulations of needle or rod fluids 
are however not as straightforward as they might first appear. This is demonstrated, 
for example, in the work of Sando and Rebertus [3 ]  for a bulk system of sphero- 
cylindrical hard core particles in which an a posteriori overlap criterion was employed 
to detect collisions. This technique, which is based on Newton’s first order algorithm, 
is subject to the possibility of improper trajectory analysis due to collision bypassing. 
This problem is further emphasized in the work of Frenkel and Maguire [4] who found 
it necessary to develop a new a priori technique to detect collisions in a needle fluid. 
Their method was derived from a second order Newton-Raphson procedure and is 
unique for simulations of that type. The problem of collision bypassing is also 
particularly acute when the needle undergoes highly restricted motion within a 
confined space and a primary objective of the studies reported here was to develop a 
new algorithm for this purpose. 

In Section 2 the simulation procedures for investigating the dynamics of a dilute 
needle fluid using a novel collision tracking technique are described. This procedure, 
which is known as Newton Homotopy Continuation (NHC), is not subject to the 
shortcomings of the Newton-Raphson (NR) first order method and the ability of 
NHC in this regard is demonstrated in Section 3. Results obtained for a wide range 
of needle lengths and porosities are also presented in Section 3 and the transition from 
free to hindered motion is examined in detail. Finally in Section 4 we summarize the 
most important conclusions of this work. 

2 MODELS AND SIMULATION TECHNIQUES 

Molecular dynamics simulations of a dilute needle fluid diffusing in a random over- 
lapping two-phase model of a microporous medium were conducted in these studies. 
Figure 1 illustrates the model for the pore structure of the medium which is generated 
by a system of randomly distributed overlapping solid spheres. The porosity, $, of this 
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NEEDLE FLUIDS IN RANDOM POROUS MEDIA 95 

Figure 1 The random overlapping spheres model and the confined needle fluid. 

medium is given by [ 161 

I,$ = exp(-$nn,03) (1) 

where n, is the number density of the solid spheres of radius (r. The dilute needle fluid 
confined within the micropores is chosen to be a single particle undergoing free 
molecule diffusion within the pore space. The needle is an infinitely thin rod with its 
moment of inertia Z given by 

L*2 I = -  
12 

where Z is in units of ma2. The needle length L* is reduced by n and, as implied in the 
above expression, the mass, m, of the needle is considered to be uniformly distributed 
along its length. 

In contrast to homogeneous bulk needle fluid simulations, where all the collisions 
are of a single type, the needle in the random medium shown in Figure 1 may undergo 
two different modes of collision: (i) a glancing collision or (ii) a head-on or tip 
collision. These two types of collisions are also present in needle fluids confined within 
a slit pore [14] although they do not occur for the same collision pairs, i.e. glancing 
collisions are only possible between needle particles, while needle-wall collisions are 
strictly tip overlaps. The latter is true for all pore models having concave surfaces, 
however in our case the solid structure has a convex surface and needle-wall collisions 
can be of either type. The nature of the convex surface enhances the possibility of 
collision bypassing and therefore the dynamics cannot be reliably handled by tradi- 
tional Newton methods. For this reason we employ a new approach known as 
Newton Homotopy Continuation (NHC) to determine the collision sequence in the 
trajectory. 

Homotopy continuation methods have been in use for twenty years as efficient 
techniques for the evaluation of all possible roots for systems of non-linear algebraic 
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equations described by smooth, continuous vector functions of the type 

K. RAGHAVAN AND J.M.D. MacELROY 

f(x) = 0 

In our case with only one independent parameter, i.e. time, the vector function f(x) 
is replaced by a scalarf(t). The homotopy path, which is central to the determination 
of the roots off(t) = 0, is described by a function h(r,t) given by 

h(f,T) = Tf(t) f (1 - T)g(t)  = 0 (2) 

where t is known as the homotopy parameter and g(t) is some other known function. 
This technique converges on the solution by tracing the curve from t = 0 to T = 1. 
At T = 0, the starting point t = ro is the solution to the function g(t> = 0 and the 
path, when traced to r = 1, yields the solution to the function,f(t) = 0. Equation (2) 
is a general form for linear convex homotopies and the Newton Homotopy is derived 
by replacing the function g(t)  byf(t) - f(t,), i.e. 

h(1, 5 )  = t f ( t )  -k (1 - T ) ( f ( r )  - . f ( t o ) )  = 0 (3) 

In our studies, the functionf(t) is the square of the relative separation between the 
points of closest approach on the needle and on a given sphere within the system. 

The NHC method is only one of a number of possible homotopy techniques (see 
for example [17], [lS]) and was chosen here as our root-finding procedure for the 
following reasons: 
(i) NHC detects all possible roots for a single dimension function if the homotopy 

function is tracked to infinity; 
(ii) The homotopy function h(t,  t) for NHC is only dependent on the functionf(t) 

and the starting point t o .  Hence the path coincides with the functionf(t) itself 
and therefore ensures that the solution to h(t, T) = 0 at t = 1 is also the solution 

The path in NHC needs to be tracked in both the positive and negative z directions 
and Figure 2 illustrates the various possible paths that may arise from one starting 
point on the T = 0 hyperplane. There are no acceptable roots for paths 1 and 4 since 
the homotopy either diverges to infinity (path I )  or yields a root on the negative t axis 
(path 4). The other two paths in this figure illustrate that homotopies may also be 
traced in opposite directions and yet intersect the T = 1 hyperplane in the positive t 
domain. If there are two or more possible roots to the function from the same starting 
value, the homotopy path, after detecting the first root, proceeds to a turning point 
and then returns to the T = 1 hyperplane yielding another root. Additional roots, if 
any, may be obtained on continuation of the homotopy path. 

In view of the linearity of h(t ,  T) there cannot be two values o f t  for a single value 
oft  and hence the homotopy path is monotonic in its variations with respect to t. 
Details on the homotopy path tracking and stopping rules are provided in the 
Appendix. The path tracking algorithm for the homotopy continuation method was 
developed by Choi [19] and has been adapted here with relevant modifications which 
are also described in the Appendix. 

NHC was used in conjunction with the free particle equations of motion of a single 
needle particle to compute its trajectory in random media of the type illustrated in 
Figure 1. The dynamical properties evaluated from these trajectory calculations 
included the autocorrelation functions for both the center of mass velocity, v, and 

tof(1) = 0. 
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NEEDLE FLUIDS IN RANDOM POROUS MEDIA 97 

A t 

Figure 2 The different homotopy paths which can originate from an arbitrary starting point. The open 
circles are the roots of the function when the path intersects the hyperplane t = 1. 

angular velocity, a, which are defined respectively as 
C,(t*) = (v(0) - v(t*>>/(v2> (4) 

C&*) = (40) * w(t*)>/<02> ( 5 )  

where t* is the reduced time in units of o / m .  Furthermore, in order to detect any 
orientational bias in the diffusion characteristics of the particle undergoing highly 
restricted motion within the micropores, we computed two other correlation functions 
for the components of the center of mass velocity parallel and perpendicular to the 
axis of the needle. These functions are defined by 

C,,(t*) = ((v(0) - u(O))(v(t*) - U(O))>/(V2> (6) 

cL(t*> = $ ((v(o) ' eQ(O>)(v(t*) ' eQ(o)) + (v(o) ' eq(0))(v(t*) ' eq(o))>/(v2> (7) 
where C,, is the time-correlation function of the velocity parallel to the initial orienta- 
tion of the needle and C, is the corresponding function for motion perpendicular to 
its axis. In addition to these properties, we also determined C,, which is the time- 
correlation function of the velocity along the axis of the needle 

CU(t*) = ((v(0) ' w N ( v ( t * )  * u(t*))>/(v2> (8) 
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The vector u in Equations (6) and (8) is the unit vector along the needle while the unit 
vectors e, and e, in Equation (7) are those perpendicular to it. The correlation 
functions C,,, C, and C, provide information regarding the directional preference of 
the diffusing particle as well as the extent of rotational hindrance encountered as a 
consequence of its size and confinement. 

These time-correlation functions were used to determine diffusion coefficients by 
integration. In particular the center of mass and the angular velocity autocorrelations 
on integration yielded the translational diffusion coefficient, DZ in units of a m  
and the rotational diffusion coefficient, 0 2  in units of a / ( a l ) ,  respectively. The 
Green-Kubo relation for both types of diffusion is given by 

D* = lim - 1 jg  C ( t * ) d t *  
P -  nf (9) 

where nf is the number of degrees of freedom available for the type of motion; for 
translation nf = 3 while for rotation nf = 2. D: was also determined from the 
average mean square displacements using the Einstein equation [20] 

(10) 
1 d D: = lim ((r*(t*) - r*(0))2) 

I* + dt 
where r*(t*) is the coordinate of the center of mass of the needle at time t* in units 
of 6. 

In addition to the dynamicai properties described above, we have also evaluated the 
radial distribution functions for the center of mass and for the tips of the needle with 
respect to the randomly dispersed solid spheres in the medium. These radial distribu- 
tion functions are useful measures for detecting possible alignment of the needle 
parallel to the solid surface. Furthermore, as a consequence of its length, the needle 
may undergo complete rotational hindrance while diffusing through the micropores. 
The transition point at  which this occurs is generally difficult to determine for a 
random medium and to gain some insight into the conditions which are responsible 
for rotational jamming, we have evaluated the free rotational frequency v R  defined by 

where I(w(t*)tr/x) is the integral number of times the particle rotates through z 
radians between two consecutive collisions, ( vc ) is the average collision frequency, 
o(t*) is the angular velocity of the needle, and t y  is the time between two consecutive 
collisions. The multiple angular brackets in Equation (1 1) refer to averaging over both 
the total number of collisions as well as all configurations. Moreover, since the modes 
of collision of the needle influence its transport, the frequency of occurrence of tip 
relative to glancing collisions was also recorded. 

3 RESULTS AND DISCUSSION 
3.1 Comparison of Newton's Method and NHC 

To demonstrate the quality of the NHC technique as a root-finding algorithm, 
preliminary studies were conducted in which both this technique and the Newton- 
Raphson first order method were independently used to compute trajectories in a 
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Table 1 System Characteristics for Comparison of the N R  and NHC Techniques. 

uL* *At: ‘v,(NRJIv, INHCJ 
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1 .o 

2.0 

0.005 
0.0025 
0.00125 
0.005 
0.0025 
0.00125 

0.94(2) 
0.94(2) 
0.95(1) 
0.94(2) 
0.95(1) 
0.96(2) 

“L’ is the needle length in units of the solid sphere radius n. 
bArf is the timestep used in the Newton-Raphson scheme and is in units of n G T .  
‘ v  /NRj /v (NHC) is the ratio of the collision frequencies obtained from the NR and NHC methods respeciively. 
The collis:on frequencies obtained from NHC for L* = 1.0 and 2.0 are v,/NHC) = 6.31(7) and 8.04(9) 
respectively in units of -/n, 
These simulations were conducted at a porosity J, = 0.15 and the random medium contained 400 solid spheres 
in each configuration. The total time for the trajectory involved in each configuration was 250 and a statistical 
sample of 300 configurations was used to compute the results. 

number of test cases. In contrast to NHC which, as described in the Appendix, is an 
a priori collision tracking algorithm, the NR method is an a posreriori procedure and 
therefore requires discretization of the trajectory by the use of time steps [2, 31. In 
Table 1 we outline the conditions investigated in these test runs. Also shown in this 
table are the collision frequencies evaluated during the simulations and it is observed 
that, even though we have emphasized the problem of collision bypassing associated 
with the NR technique, the collision frequencies obtained using both approaches 
appear to be in good agreement. However, a significant feature of the results in all 
cases is that the collision frequencies are lower for the NR procedure and this 
difference has serious consequences with regard to the dynamical properties of.the 
needle fluid as illustrated in Figure 3. 

The velocity autocorrelation functions (VACFs) for the center of mass of the needle 
shown in Figure 3, clearly demonstrate a serious failing in the NR method. The 
minima in the VACFs determined by the NR technique are shallower than the 
corresponding minimum observed in the VACF computed using NHC. Furthermore, 
the NR correlation functions are shifted to longer times and we associate this effect 
with an apparent dynamism in the assembly of stationary spheres arising from 
momentary “appearances” and “disappearances” of the solid spheres as the needle 
diffuses through the medium. The inset in Figure 3 illustrates the VACFs in the 
vicinity of the minimum and clearly shows the discrepancy in the results obtained 
from the two methods. 

On integration, the VACFs obtained from the NR and NHC techniques yield the 
translational diffusion coefficients PN and 0: respectively and their ratio is plotted 
in Figure 4 as a function of the time step At; used in the NR method. The results 
shown in this figure were obtained for two different needle lengths L* = 1.0 and 
L* = 2.0 at a porosity $ = 0.15. It is observed that the diffusion coefficient 02 
predicted by the NR procedure is poorer for the larger needle size and the time step 
required to improve the accuracy of the NR method needs to be smaller the longer 
the needle. Furthermore, results obtained for a needle length L* = 3.0 and which are 
not shown here, also demonstrate the failure of the NR procedure at or near a 

, percolation transition. In this case, the NR technique predicts a nonzero diffusion 
coefficient (0; = 0.0225 for At: = 0.00125) while NHC indicates that the particle is 
localized (nonpercolating) within the medium. This was found to be true regardless 
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D N  

I I I I 1 1 
0.000 0.001 0.002 0.003 0.004 0.005 0.006 

Figure 4 The translational diffusion coefficients, D: and DI: obtained from Newton's method and Newton 
Homotopy Continuation respectively, as a function of the time step, AI; used in Newton's method. 1: 
L* = 1.0; 2: L* = 2.0. The CPU time required for the computations involved in these techniques is also 
shown as a function of At;. 

of the time step employed in the NR method. Indeed from Figure 4 we observe that 
the diffusion coefficients obtained from both methods will only coincide in the limit 
At; -+ 0. Moreover, any reduction in the size of the time step used in the NR 
technique in an attempt to obtain reliable estimates for the diffusion coefficient results 
in a dramatic increase in the CPU time required. The ratio of the CPU times involved 
in both methods is plotted in Figure 4 as a function of At; and the inability of the NR 
method to provide reliable results efficiently is clearly demonstrated. 

3.2 Translational and rotational motion of the needle within the porous medium 

Simulations were conducted over a wide range of needle lengths L* and porosities t,b 
to investigate the behavior of the model system. The characteristics of the systems 
studied and various properties including the collision and free rotational frequencies 
as well as the frequency of occurrence of glancing collisions relative to tip collisions, 
are provided in Table 2. In general, it was observed that both the static and dynamic 
properties displayed different trends at low and high porosities and in the following 
both regimes will be discussed separately. 

At low porosities (t,b = 0.075 and t,b = 0.15) the VACFs for the small needles 
exhibit a behavior resembling that of a hard sphere fluid [9] under similar conditions. 
Figure 5(a) illustrates the VACFs for different needle lengths at a porosity t,b = 0.15 
and it is observed that for the two smaller needle lengths L* = 0.15 and 0.3, the 
minimum in the correlation function becomes deeper and shifts to shorter times as the 
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Table 2 System Characteristics and Selected Properties for the M D  Simulations. 
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0.15 

0.3 

0.5 

0.075 0.1 
0.25 
0.5 
I .o 
1.5 
2.0 

0.075 
0.15 
0.3 
0.6 
1 .o 
2.0 
3.0 

I .o 
2.0 
4.0 
6.0 

I .o 
2.0 
4.0 
6.0 

10.0 

300 
300 
200 
200 
I 50 
I50 

400 
400 
400 
200 
200 
200 
250 

250 
250 
250 
200 

500 
500 
500 
300 
250 

12.05(7) 
3.80(4) 

0.53(3) 
0.060(4) 
0.0062(5) 
0.00020(3) 

17.76(6) 
8.05(4) 

3.19(6) 
0.54( 6) 
0.059( 3) 
0.003(4) 
0.0 

0.32(4) 
0.023( 3) 
0.0 
0.0 

0.54(4) 
0.10(2) 
0.006(6) 
0.0 
0.0 

0.042( 1) 
0.097(3) 
0.215(4) 
0.363(6) 
0.581(4) 
0.880(4) 

0.03 15( 1) 
0.0638(2) 
0. I23(3) 
0.260( 3) 
0.36 I(5) 
0.831(4) 
I .2 16(7) 

0.397(2) 
0.824( 1) 
I .723(4) 
2.49(7) 

0.409(5) 
0.827(4) 
1.623(3) 
2.478(3) 
4.184(4) 

~ ~~ 

6.18(4) 
6.29(6) 

10.52(8) 
8.66(7) 
9.71(4) 

11.55(6) 

4.19(4) 
4.29(7) 
4.63(6) 
7.19(8) 
6.31(7) 
8.04(9) 

10.27(6) 

4.47(3) 
4.96(4) 
7.72(7) 
9.1(1) 

2.94(3) 
2.92( I )  

5.50(4) 
7.34(6) 

3.99(3) 

‘‘I?~, is the total time in the trajectory for each configuration. in units of  u 6 T  
b v R  is the free rotational frequency in units of  &%lo. 
‘i,tih,T is the ratio of the frequency of glancing collisions to that of tip collisions. 
*v‘ is the average collision frequency in units of  K l u .  
The average cavity sizes for @ = 0.075 to 0 5 areb.534.0.7256. I .I72 and 2 008 respectively in units o f u .  Each configuration ofthe random 
medium contained 400 solid spheres for all porosities. except $ = 0.5 where loo0 spheres were employed. All results were computed from 
a statistical sample of 300 confiprations 

needle length increases. This trend continues as the particle size increases until the 
needle length approaches the average size of the cavities within the medium. For a 
needle length L* = 0.6 the particle experiences severe translational hindrance due 
tip/sphere chattering collisions and the backscattering minimum in the VACF is at its 
deepest at this point. This chattering effect is confirmed by the collision frequencies 
provided in Table 2 which exhibit a local maximum for this needle size. 

As the particle size is increased beyond the transition value L* = 0.6 the needle 
assumes preferred orientations parallel to the solid surface. This is demonstrated in 
Figure 5(a) where it is observed that the decay in the VACF for the needle length 
L* = 1.0 is abruptly shifted to longer times. The minima in the VACFs for needle 
lengths L* > 0.6 are also shallower, indicating that the center of mass experiences 
weaker backscattering effects due to an increase in the frequency of glancing collisions 
with needle length as shown in Table 2. However, in addition to the influence of 
glancing collisions, the coupled effect of tip collisions also exists and it is these 
collisions which ultimately result in localization of the particle. 

At high porosities (I) = 0.3 and t,b = 0.5) a transition in the behavior of the VACF 
is also observed although this transition differs in character from that observed at low 
porosities. This is illustrated in Figure 5(b) where it is shown that not only are the 
minima in the VACFs significantly shallower, but also, for a needle length close to the 
cavity size, the VACF exhibits a forward scattering effect. This positive correlation, 
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I 1 1 1 

1 2 3 4 5 
t* 

Figure S(a) The VACFs for the center of mass of the needle as a function of needle length for $ = 0.15. 
--L* = 0 . 1 5 , . . . . L * = 0 . 3 , -  - . . - - * = 0 . 6 , - - - - L * =  ~ , O , - - - L * = ~ , O , - - ~ * = ~ , O ,  

1 .  

0 .  

0.  

0.  

0.  

0. 

I 1 1 1 1 1 1 1 1 

0 1 2 3 4 5 6 7 8 9  
- 0 . 2  

t* 
0 

Figure yb) The VACFs for the Center of mass of the needle as a function of needle length for I) = 0.5. - L* = 1.0, .... L* = 2.0, -..- L* = 4.0, --- L* = 6.0, -- L* = 10.0. 
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which occurs in this case at the intermediate time t* - 3.0, was not detected in the 
low porosity simulations. Moreover, as will be shown below, the longest needle 
lengths reported in Table 2 correspond to the translational percolation threshold and 
it is observed from the free rotational frequencies determined under these conditions 
that the needles in the high porosity media are also fully hindered rotationally. This 
latter effect gives rise to an increase in the frequency of glancing collisions which is 
ultimately responsible for the deceleration in the intermediate-time decay of the 
VACFs for the long needles. 

The general characteristics described above for the center of mass autocorrelation 
functions are also observed in the directional correlation functions C,, and C, . Figures 
6(a) and (b) illustrate both of these functions for the range of needle lengths inves- 
tigated at the porosity t j  = 0.5. Comparing Figures 6(a) and (b), we see that for 
small needle lengths the two functions C,, and C,  behave in a similar manner and this 
is expected when the particle is diffusing isotropically through the medium. For long 
needles, however, there is a preferential orientation parallel to the solid surface and 
the particle motion is hindered in the direction perpendicular to its axis. This is clearly 
indicated by the comparatively slow decorrelation rate of C,, relative to the faster 
decay rate of C,  as the needle length is increased. This effect is further confirmed in 
the results computed for the correlation function C, illustrated in Figure 6(c). As may 
be seen by comparing this figure with Figure 6(a), good agreement between C,, and C,, 
only exists for long needles when the particle is fully hindered rotationally. However, 

C,,Ct)o 

- 

1 I I I 

0. 

0.  

0 .  

0 .  

0 .  

0 .  

t" 

Figure 6 The directional correlation functions as a function of needle for $ = 0.5 (a) C,,(t*), (b) Ci(t*) 
and(c)C,(t*)where-L* = 0 . 5  :... L * =  I.O,----L* = 2 . O , - - - - L *  = 4 . O , - - - L *  = 6 . 0 ,  

L* = 10.0. _ _  
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Figure 6 (continued) 
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for very small needles where the orientation vector u( t * )  is rapidly randomized, there 
is no similarity between these two functions. 

An additional aspect of these correlation functions which is central to an accurate 
evaluation of the diffusion coefficients of the system, is their behavior at very long 
times. Theoretical studies of the long-time character of the VACF for a randomly 
overlapping Lorentz gas [21-261 suggest that the tail of the time-correlation function 
should decay with an inverse power law given by 

(12) 
a lim (v(t*) -v(O)) = - - 

This power law implies that the time-dependent diffusion coefficient at long times is 
also given by 

I' - T r * p  

The statistical accuracy of the tails of the VACFs computed here was insufficient to 
provide reliable estimates of a and 8 from a fit of Equation (12) however satisfactory 
results for these parameters were obtained from nonlinear regression of the integrated 
form provided in Equation (1 3). In this estimation procedure, the time to* in Equation 
(1 3) was typically chosen to be - 10 r i in  where tZin corresponds to the time at which 
the minimum in the VACF occurs. The results obtained are provided in Table 3 and 
as indicated in this table, in a few cases it was not possible to determine the parameters 

Table 3 Parameters for the Long-Time Tail of the VACF. 

* L* "a  bB 

0.3 

0.5 

0.075 0.1 
0.25 
0.5 
1 .o 
1.5 
2.0 

0.15 
0.3 
0.6 
1 .o 
2.0 
3.0 
1 .o 
2.0 
4.0 
6.0 

I .o 
2.0 
4.0 
6.0 

10.0 

0.15 0.075 

0.305(4) 
0.167(5) 

0.093(3) 
0.072(6) 
0.004(3) 

0.41(1) 
0.17(5) 
0.2 16(7) 

0.42(3) 
0.172(8) 
0.102(4) 

1.4(1) 
1.27(3) 
0.22(2) 

0.56( 1) 
0.68(9) 

1.68(2) 
1.52(2) 

1.85(1) 
1.65(2) 

1.69(4) 
I .40(2) 

1.5(1) 

1.37(5) 

1.98(4) 
1.51(2) 
1.4( 1) 

2.1(2) 
2.1(1) 
1.4(2) 

1.7(1) 
I .4(2) 

' a  is the units of ( m / k T ~ ' 2 n P - 2 .  
hS was estimated by nonlinear regression of Equation (13) 
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tl and p due to rapid decorrelation of the particle velocity. This is particularly 
noticeable in the transition region between free and hindered rotation. 

The theoretical value of the power-law exponent fl in Equations (12) and (13) is 2.5 
in the hydrodynamic limit for structureless particles in random media [25, 261 and 
earlier studies reported in [9, 271 confirmed this prediction. In our model system the 
hydrodynamic limit will only apply for very small needles in high porosity media and 
as seen in Table 3, the parameter for the smallest needle investigated here is 
significantly below the value 2.5. We believe that this is due to partial exclusion of the 
needle from regions of the pore space, even in high porosity systems, and the 
topological constraints imposed by this exclusion effect result in the appearance of 
anomalous behavior in the particle dynamics. Moreover, as the length of the needle 
is increased the exponent j? decreases until the needle size approaches the size of the 
average cavities within the medium. As indicated in Figures 5(a) and (b) the tails of 
the time-correlation functions in this transition region decay rapidly to zero, implying 
the existence of a comparatively large power-law exponent under these conditions. 
This is clearly demonstrated by the p values obtained for the needle length L* = 1.0 
in the two low porosity runs provided in Table 3. For longer needles the exponent fl 
decreases again until the percolation threshold for that porosity is reached. At the 
percolation threshold the values of fl in Table 3 for each case are, within the statistical 
accuracy of the data, equal to I .4. This result is consistently lower than the value of 
1.57 reported in [9] for the percolation transition of a point particle in the random 
overlapping spheres medium. This strongly suggests that the power-law exponent j? 
is not a universal constant for a given random medium and is affected by the shape 
of the diffusing particle. Furthermore, since C,, and C, are correlation functions of the 
components of the center of mass velocity, we expect these functions to exhibit a 
similar time-dependent character and this was indeed found to be the case. The fl  
values obtained from nonlinear regression of the time-dependent diffusion coefficients 
Of(?*)  and DT (t*) using Equation (13), were found to be consistent with those 
reported in Table 3. 

The infinite time diffusion coefficients D:, Dt and 0: obtained by extrapolating 
the data using Equation (13) are provided in Table 4. The translational diffusion 
coefficient D: is plotted as a function of needle length in Figure 7. The trends observed 
in this figure are primarily related to the effects of needle alignment within the pores 
and the void space available for diffusion. For each of the porosities investigated, the 
diffusion coefficient D: is a nonmonotonic function of L* exhibiting both a minimum 
and a maximum as the particle size is increased. The minimum corresponds to a 
particle size approaching that of the average cavities in the medium and arises 
primarily due to chattering collisions between the needle and the solid spheres. This 
behavior was also noted earlier with regard to the deep minima in the VACFs at the 
transition point shown in Figures 5(a) and (b). As L* is increased further the needle 
is predisposed to align itself parallel to the solid surface and the diffusion rate is 
enhanced due to partial specular scattering during glancing collisions. At a particular 
length, however, this effect is diminished due to restricted availability of the void space 
within the porous medium and DX passes through a maximum. For very long needles, 
localization sets in and 0; rapidly approaches zero. As expected, the percolation 
threshold of the medium shifts to longer needle sizes as the porosity increases. 

For comparative purposes, in Figure 7 we also illustrate the diffusivities reported 
earlier for a hard-sphere fluid in a random overlapping spheres medium [9]. The length 
scale employed here to construct these plots corresponds to the diameter of the 
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L" 

1.0 I I I 1 I 

D+m 

0.06 
C 

I '  

0.002 I I I 

0 0.5 I .o 1.5 2.0 2.5 
L* 

Figure 7 The translational diffusion coefficient as a function of needle length. (a) $ = 0.5, (b) $I = 0.3, 
(c) 4 = 0.15, (d) 4 = 0.075. The dashed lines in each case correspond to the results for a hard sphere fluid 
diffusing through the random medium, where the diameter of the sphere i s  equal to L*. 
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Table 4 Diffusion coefficients as functions of L* and $ 

0.075 0.1 O.OlS(3) 0.016(4) 0.017(3) 0.53(2) 
0.25 0.011(3) 0.021(4) 0.005(2) 0.44(2) 
0.5 0.007(2) O.OlO(2) 0.005(4) 0.139(6) 
1 .o 0.009(2) 0.022(2) 0.001 S(5) 0.1 17(5) 
1.5 0.005(2) O.OlO(3) 0.0002(3) 0.067(3) 

0 .o 0.0 0.043(2) 2.0 0.0 

0.15 0.075 Q.lOl(5) 0.1 lO(4) 0.115(5) 0.79(3) 
0.15 0.066(5) 0.1 I2(5) 0.050(5) 0.75(3) 
0.3 0.032(4) 0.029(2) 0.028(2) 0.57(2) 
0.6 0.023(3) 0.0 17(3) 0.026(3) 0.201(9) 

2.0 0.01 l(5) 0.025(2) 0.0064(7) 0.085(4) 
3.0 0.0 0.0 0.0 0.035(2) 

2.0 0.1 19(5) 0.1 13(3) 0.123(2) 0.196(8) 
4.0 0.085(3) 0.179(6) 0.040(3) 0.068( 3) 

1 .o 0.041(3) 0.048(5) 0.039(3) 0.2 l(2) 

0.3 1 .o 0.063(7) 0.093(6) 0.048(6) 0.31(1) 

6.0 0.0 0.0 0.0 0.02 l(2) 
0.5 1 .o 0.26(2) 0.28(2) 0.25(2) 0.65(2) 

2.0 0.33(2) 0.42( 1) 0.29(9) 0.42( 1) 
4.0 0.28(1) 0.39(4) 0.16(6) 0.196(5) 

10.0 0.0 0.0 0.0 0.025( 1) 
6.0 0.18(1) 0.46(2) 0.049(4) 0.102(2) 

“D;, D,i and D; are in units of u&. 

hD,‘ is in units of @ / ( I u )  where I is the moment of inertia of the needle. 

diffusing hard-sphere particle and it is clearly seen from this figure that the percolation 
transition in this case occurs for much smaller particle sizes. The severe hindrance 
effects indicated here for spherical particles in comparison with the needle fluid should 
have a direct bearing on the relative permselectivity of iinear and branched chain 
molecular fluids in microporous media. 

Further evidence of the influence of particle alignment is provided by the diffusion 
coefficients D f  amd 0:. These two coefficients combine to give the overall transla- 
tional diffusivity D: 

as may be seen using the results given in Table 4. For small needles, we observe near 
equality of D f  and Dr since the diffusion process is isotropic. However, there is a 
change in trend with increasing particle size which lowers the value of 0: due to 
hindered diffusion of the needle perpendicular to its axis. This is also confirmed by the 
fact that D f  approaches 3 0 ;  as the needle length increases and for very long needles 
the diffusion process is primarily controlled by motion along the axis of the particle. 

The conclusions provided above for the behavior of D;S; are confirmed by the RDFs 
shown in Figures 8 and 9. These RDFs were obtained by a straightforward Monte 
Carlo insertion technique and were found to be in agreement with those computed by 
MD simulation. Furthermore, in support of the reliability of the simulation pro- 
cedures employed here, it was found that the partition coefficients Kdetermined in the 
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Figure 8 
L* = 0.25, (b) L* = 0.5, (c) L* = 1.0, (d) L* = 2.0. 

The radial distribution functions for the center of mass of the needle for $ = 0.075. (a) 

MC simulations were also in excellent agreement with the theoretical expression 

(15) K = $ ( l + i L * )  

The contact value for the center of mass RDFs is zero while it is 0.5 for the tip 
distribution functions. The latter result arises because the distribution of solid spheres 
in contact with the needle tip is confined to a hemispherical surface. Moreover, for 
small needles we expect the RDFs to be equal to 1 .O at a relative separation r* = L*/2 
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Figure 9 The radial distribution functions for the tips of  the needle for $ = 0.075. (a) L* = 0.25, (b) 
L* = 0.5, (c) L* = 1.0, (d) L* = 2.0. 

for the center of mass RDFs and r* = L* for the tip RDFs. Figures 8(a) and 9(a) 
illustrate this feature for a needle length L* = 0.25 at a porosity Ic/ = 0.075. As the 
needle length is increased (see Figures 8(c) and (d)), the RDFs tend to approach 1 .O 
for shorter interparticle separations indicating that the needle is not randomly orient- 
ed but is preferentially inclined to the solid surface. Another interesting aspect which 
also confirms needle alignment is the increasing convexity of the RDF in the vicinity 
of the contact point as the needle length increases, while for very small needles the 
distribution function is linear in this region. Furthermore, for long needles, the RDFs 
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are consistently larger than 1 .O for interparticle separations greater than L*/2 (or L*). 
We believe that the latter effect arises due to the higher than average local density of 
the solid spheres surrounding a cavity which is sufficiently large to accomodate the 
longest needles employed in the simulations. 

The remaining properties investigated here are associated with the rotational 
motion of the needle which is characterized by the angular velocity autocorrelation 
function (RACF) defined in Equation (5). Figure 10 illustrates the RACFs for 
different needle lengths at a porosity $ = 0.15. These time-correlation functions also 
display the effect of needle alignment when its size is larger than that of the average 
pore diameter. From this figure. it is further observed that in the transition region at 
L* = 0.6, the decay rate of the time-correlation function significantly increases 
indicating that the rotation of the particle is strongly influenced by the chattering 
collisions discussed earlier. Longer needles display similar decay processes as well as 
significant backscattering effects which become more pronounced as the needle length 
increases. It is also noteworthy in this respect that long-time tails in the RACFs were 
found to be nonexistent within the accuracy of the data. For this reason, the integra- 
tion of the time-correlation functions to determine the rotational diffusion coefficient 
did not require extrapolation beyond the range of the simulation data. 

The rotational diffusion coefficients D,* obtained by integrating the RACFs are 
provided in Table 4 and are shown in Figures 1 I(a) and (b). For both high and low 
porosities, it is seen that D,* passes through a transition region as the needle length 
is increased and the size of the particle at which this transition occurs corresponds to 
the needle length at which the minimum in DZ was observed earlier. This transition 
is particularly evident at low porosities where it is also observed that the rotational 

qJt*, 

1.0, I I I I I 

0 .  

0 .  

0 .  

0 .  

0 .  

I 1 I I I 1 
0 1 2 3 4 5 

t* 

- 0 . 2  

Figure 10 
L* = 0.3. 

The RACF as a function of needle length at porosity $ = 0.15 - L* = 0.15, . . .  
Lf = 0.6, ---- L* = 1.0. --- L* = 2.0. -- L* = 3.0. 
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diffusion coefficient is a nonmonotic function of L*. For needle lengths less than 1.0 
the very sharp drop in D,* is directly related to the rapid decrease in the free rotational 
frequency, v R ,  shown in Table 2 over the same range of particle sizes. However, for 
the longest needles studied, D,* varies exponentially with needle length and this 
behavior was generally found irrespective of the porosity of the medium. 

4 SUMMARY AND CONCLUSIONS 

In this paper we have investigated the dynamics of a dilute needle fluid diffusing 
through a random overlapping spheres model of a porous medium. Although this 
model is rather simple, the needle/sphere collision sequence is not reliably handled by 
traditional collision tracking algorithms and we have employed a new technique 
known as Newton Homotopy Continuation to overcome this difficulty. The NHC 
algorithm is particularly attractive due to its robustness and it has been demonstrated 
that it is not subject to the problems of root bypassing which are prominent in the 
Newton-Raphson method. Furthermore, the homotopy continuation method is quite 
versatile and may be adapted to other hard body fluids. We are currently investigating 
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0 4.0 8.0 12.0 16.0 
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Figure ll(a) The rotational diffusion coefficient as function of L*. 0 i,h = 0.5, 0 i,h = 0.3. 
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0.01 1 I 1 I 

L* 

Figure ll(b) The rotational diffusion coefficient as a function of needle length. 0 $ = 0.15, 0 $ = 0.075. 

this possibility for other systems including bulk homogeneous fluids as well as 
confined fluids in micropores. 

The MD simulations conducted in this work have also provided a number of 
interesting results related to the influence of particle asphericity on diffusion within 
a random medium. One of the most important aspects of these results was with regard 
to the trend observed in the translational diffusion coefficient Dt of the needle particle 
as function of its length. Enhanced diffusivities were observed as the needle length was 
increased and we associate this with needle alignment parallel to the solid surface 
arising from the rotational hindrance it experiences within the pores. Comparison 
with earlier results reported for spherical particle simulations also suggests that the 
random medium is selectively permeable to linear molecular structures and this type 
of selectivity should play an important role in separation processes involving particles 
of different size and structure. Shape selectivity has long been recognized for crystal- 
line media such as molecular sieve zeolites and the results reported here support the 
view that this behavior may also be a dominant factor in microporous amorphous 
media. Although the hard-body model investigated in this paper is highly idealized, 
in future work we intend to ascertain the relative importance of this selectivity 
mechanism for more realistic aspherical particles by relaxing the constraint of particle 
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linearity and by introducing soft potentials and forces for the intermolecular interac- 
tions. 

Acknowledgements 
We gratefully appreciate the many helpful discussions with Dr. S .  Choi concerning the 
NHC technique and its applications. 

APPENDIX 

A brief description of the Newton Homotopy procedure and the path tracking 
method is provided here. The homotopy function for NHC is defined by Equation (3) 
in the text. The path is the locus of the points for which the function h(t,  t) = 0 and 
is traced from a starting point on the t = 0 hyperplane using a predictor-corrector 
technique. 

The predictor employed in the path tracking method is a first order Euler predictor 
which is defined by the unit tangent uf at the kth point times the step size As, 

W k f '  P = Wk + U:ASk (All 
where wpk+' is the k +  lth point on the path predicted by an Euler predictor and wk is 
the previous point. If this new point is not in the domain of h(t,z) then the step size 
is halved. 

After the initial prediction, the point is then corrected on to the homotopy path 
using a Newton corrector given by following set of equations 

( u ~ ) ~ A w ~ + '  = 0 ('43) 
where Awk+' is the Newton corrector. The vector notation for the homotopy function 
h is used here to emphasise the importance of the directionality of the path. The new 
corrected point is given by 

(A41 wf" = wk + Awk+l 

This correction procedure is carried out iteratively until the following condition is 
satisfied [28] 

llhL+I II < 4 0 ,  I I ~ h / W  645) 

where dh/i?w is evaluated at the predicted point wk+' and E, is a small positive 
number. The 11 * 11 represent the Euclidean norm of the quantity enclosed. Moreover, 
to reduce the number of iterations required for the correction step, the size of step in 
the prediction routine is kept sufficiently small. It is important to note that the error 
associated with the new point is not affected by the history of the homotopy path and 
hence the tolerance on the correction step need not be very high. The path is then 
continuously tracked by repeating this predictor-corrector procedure until the path 
intersects the t = 1 hyperplane or diverges to infinity. 

Furthermore, to adapt the path tracking algorithm developed by Choi [19] to our 
model system, we have made modifications regarding the stopping rules and other 
conditions needed to discontinue the root search. If the condition 
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(1 - t k ) ( l  - T’+’) < 0 is satisfied, then there are an odd number of roots between 
the two points k and k+ 1. A bisection search is then carried out until 
Ask < E , , , I ( w ~ + I  I /  where q0, is a tolerance on the Euclidean norm of the tangent at  the 
present point k + l  given by 1lwk+’II and Ask is the step size. The path tracking 
procedure is stopped if any of the following conditions are met 

(b) f k  > t k + ’ ,  t k ,  t k + ’  < 0 
(c) t k + ’  < 0, t k  > 0 
where t k  and t k i ’  are two roots on the same homotopy path obtained at the inter- 
section with the T = 1 .O hyperplane. These rules apply regardless of whether the path 
has been tracked from the positive or negative directions of T .  The step size used here 
should not be confused with the time step used in the NR method. In the homotopy 
continuation technique the step Ask is used to track the homotopy path and not the 
actual function. Moreover, the magnitude of the homotopy step size is of the order 
of lo-‘ which is much smaller than the typical time step used in the NR method. 

If the particle does not collide with a solid sphere the homotopy path goes to infinity 
and this is detected by the condition ( 1 ~ “ ~ ’  ( 1  > M, where M is a large positive number 
which in our system is of the order of 10’. Moreover, when the path does not intersect 
the T = 1 hyperplane and the condition l (wk+l / I  > I/wk 1) is satisfied, this implies that 
the path is exhibiting asymptotic behavior. This is observed by counting the number 
of successive steps on the homotopy path satisfying the condition 

(a) tk  < t”’ , t k ,  t k + ‘  > 0 

where E,,,, is a small positive number which in our case is given by E,,,., = When 
the count is greater than five the path is assumed to be asymptotic to the T = 1 
hyperplane and as the count reaches twenty the path is assumed to diverge to infinity. 
Under these conditions the continuation procedure is terminated. These modifica- 
tions are particularly unique to our system and a careful analysis is required to adapt 
this procedure to other systems. 
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